This work presents an analysis of an oil supply system for reciprocating compressors. The system is based on a single screw pump attached to the bottom end of the vertical rotating shaft immersed in the oil sump. The fluid flow in the pump was modeled with a semi-analytical approach based on the solution for the laminar fully developed oil flow in a screw extruder. The screw pump model is coupled with that for the flow in the shaft region so as to provide an estimate of the oil flow rate and of the so-called 'climbing-time', i.e., the amount of time needed for a fluid particle to travel from the oil sump to the top of the shaft. The calculation method was verified against experimental data and CFD modeling results.
INTRODUCTION
Lubrication is a major issue in compressor design because it is directly related to mechanical losses, wear and reliability. In addition to sufficiently large oil flow rates, one requires that the lubricant oil becomes immediately available to the hydrodynamic bearings and to the piston-cylinder gap immediately after the motor start-up . Since the geometry of oil supply systems is generally too complex for local measurements of the oil flow parameters, one frequently resorts to numerical modeling of the fluid flow in the pump, shaft and bearings in order to obtain specific parameters of the oil flow in such systems.
A number of computational fluid dynamics (CFD) studies of oil supply in hermetic compressors have been carried out in the open literature. Bernardi (2000) , Cho et al. (2002) , Cui (2004) and Lückmann et al. (2009) have investigated different types of supply systems under transient and steady-state conditions in rotary and reciprocating compressors using commercial CFD software. Over time, these models have become increasingly more detailed and realistic with respect to the pumping system geometry used in the simulations. However, they still rely on a number of simplifying assumptions such as the absence of refrigerant dissolved in oil, isothermal conditions, constant physical properties etc. Although the simplifying assumptions help to keep the computational time at a tolerable level, this can still be considered very large and thus prohibitive for design and optimization purposes.
The oil supply system investigated in the present work is shown schematically in Fig. 1 . As pointed out by Lückmann et al. (2009) , the pump design must be simple and efficient and, in some hermetic compressors, use is made of the actual rotation of the shaft as the driving force to overcome gravity and friction as oil is forced through the channels and passages to feed the shaft bearings ( Fig. 1.a) . The lower part of the supply system, which is partially immersed in the oil sump, consists of a single screw extruder with a fixed center pin and an external rotating barrel ( Fig. 1.b) . Viscous shear is the driving force for pumping the oil. After leaving the screw pump at the lower part of the system, the oil enters the shaft, where it flows through a helical groove machined on its outer surface and feeds the shaft bearings. From the top of the shaft, the oil is expelled to the internal crankcase environment and falls back to the sump in its lower part. The purpose of the present paper is to advance a semi-analytical model for predicting the oil flow rate in the screw pump system described above. The Generalized Integral Transform Technique (GITT) (Cotta, 1993) has been used to determine analytically the down-channel component of the velocity field in the lower and upper parts of the supply system. The pumped oil flow rate is calculated numerically based on the individual relationships for the down-channel flow rates in the screw pump and shaft regions. The results are compared with experimental data and numerical predictions obtained via computational fluid dynamics (CFD) (Alves, 2007) . An important result of the present analysis is the so-called 'climbing-time', i.e., the amount of time needed for a fluid particle to travel from the oil sump to the top of the shaft. This is of particularly significance as a means of avoiding the contact between the sliding parts which may result in excessive friction and wear.
MODELING

Down-Channel Flow Rate
The kernel of the calculation method is the classical 2D model for the laminar fully developed flow in a single screw extruder of Finlayson (1922, 1928) . The model has been extended by Li and Hsieh (1996) to take into account the effect of the motion of the screw flights on the down-channel velocity field. More recently, the resulting non-homogeneous boundary value problem of Li and Hsieh has been solved analytically via the GITT by for a wide range of values of the screw channel aspect ratio.
The basic geometry of the screw pump in the lower part is shown in Fig. 2 (a) and consists of a fixed center pin and a rotating outer barrel which incorporates the screw flights. The outer barrel is attached to the shaft. In the shaft region shown in Fig. 2 (b), the oil flows through a helical groove machined on the shaft and the outer barrel (i.e., the cylinder block) is held stationary. The intermediate region that connects the lower and upper parts plays no role in the pumping mechanism except for connecting the pump to the shaft. For this reason, in the model, the volume of this piece of geometry can be neglected, and the outlet of the screw pump becomes the inlet of the shaft channel. In both domains (pump and shaft), the screw curvature is assumed to be small and the curved surfaces of the channel can be unwrapped to become flat plates (see Figs. 3 and 4 for the main parameters and systems of coordinates). The flow is assumed to be laminar, fully developed, isothermal and incompressible. In dimensionless form , the momentum balance equation for the velocity component in the z direction is given by,
where,
g is the acceleration due to gravity, ρ is the oil density, β is the helix angle, μ is the oil viscosity, H is the height of the helix channel, Ω is the angular velocity of the shaft and R B is the barrel radius. The boundary conditions for the screw pump region are given by, 
where κ is the screw curvature radius. Conversely, for the shaft region, the boundary conditions are as follows, where '~' stand for the variables associated with the shaft region. The boundary conditions are also illustrated in Figs. 3(c) and 4(b), respectively. As can be seen, the motion of the screw flights is taken into account in the boundary conditions for the two domains, which makes the boundary value problem non-homogeneous.
Equation (1) has been solved with both sets of boundary conditions via the GITT ) and the resulting velocity distributions were integrated over the cross-section area of the screw pump and the shaft channels. The resulting expressions for the screw pump and the shaft channel flow rate are given by,
where, 
In the screw pump, because the tip is submerged in the oil sump and the flow is assumed fully developed, the pressure gradient can be approximated by,
where L is the overall length of the pump channel, h oil is the height of the submerged tip, and h B is the pump height. In the shaft channel region, the pressure gradient is nil since there is no hydrostatic head at the inlet and no back pressure at the outlet. Thus, for the screw pump and shaft channel regions, the value of the constant k in Eq. (1) 
The pumped mass flow rate is obtained via a coupled solution procedure Eqs. (13) and (16) outlined as follows: (i) The flow rate in the screw pump is calculated with Eq. (13) assuming that the shaft channel on top of it is devoid of any oil; (ii) the pressure gradient in the shaft channel which corresponds to this flow rate is determined via the bisection method (Press et al., 1992) using Eq. (16); (iii) this resulting pressure gradient in the shaft channel is incorporated in the new estimate of the flow rate in the screw pump (i.e., it is added to the right hand side of Eq. (20)), which is compared to the flow rate previously calculated in (i). The procedure is repeated until convergence is obtained. 
Climbing Time
As in Lückmann et al. (2009) , the most accurate way to assess the oil climbing time is perhaps to conduct a numerical simulation of the initial transient of the entire oil pumping system via CFD. In the present work, however, given that no transient modeling has been performed, the climbing time is estimated based on the time that a fluid particle would take to go from the bottom to the top of the system in steady-state. The average flow velocity in steady state is given by,
where Q is the oil volume flow rate. The total climbing time (screw pump and shaft channel) of a fluid particle can be approximated by, 
RESULTS
The validity of the models for the flow rate and the climbing time can be assessed by a direct comparison with experimental data and with results obtained via a CFD analysis using commercial software (Fluent, 2006) . Figure 5 shows the CFD prediction of the oil volume fraction as a function of time for the screw pump system under the same conditions evaluated in the present paper (Alves, 2007) . As can be seen, the oil seems to firstly fill the screw pump almost completely before advancing into the shaft channel. The cross-section of the shaft channel is only partially filled with oil, possibly due to a combination of a larger curvature radius (which yields larger tangential velocities and centrifugal forces acting on the liquid) and a smaller W/H channel aspect ratio in comparison with the screw pump in the lower part. 
CONCLUSIONS
An oil pumping system for reciprocating compressors has been described in this paper. The system is based on a single screw extruder attached to the bottom of the shaft which is partially submerged in the oil sump. A model based on the analytical solution of the laminar, fully developed oil flow via the GITT has been proposed. The calculated oil flow rates have been compared with experimental data, showing a satisfactory agreement. The predictions of the climbing time were also in accordance with the experimental and CFD modeling results. A remarkable reduction of the computing time for the semi-analytical model in comparison with CFD has been obtained. 
NOMENCLATURE
Roman Symbols
